
Divide and Conquer Approach 



Deliverables 

Divide and Conquer Paradigm 

Integer Multiplication 

Strassen Matrix Multiplication 

Closest Pair of points 

Infinite Wall Problem 
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Divide and Conquer – 3 steps 

First step is called Divide which is dividing the given problems into 
smaller sub problems which are identical to the original problem 
and also these sub problems may or may not be of same size.  

Second step is called Conquer where we solve these sub problems 
recursively.  

Third step is called Combine where we combine  solutions of the 
sub problems to get solution for the original problem 
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Points to be taken care of 

Threshold lower limit, below which the problem can’t be subdivided or where 
you want to handle the problem without further divisions. 

The size of the sub instances into which an instance is split. 

Number of such Instances 

The Algorithm used to combine sub-solutions. 
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Divide and Conquer- few examples 

In Binary search Combine step is not there because element is found during 
recursive iterations to find the element and it is also a special case where half of 
the problem vanishes after each iteration. 

Quick sort also does not have a combine step because the elements are sorted 
during recursive implementation of divide step. 

Merge Sort does not have a Divide step because elements are simply compared 
by array index.  
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General Algorithm 

Divide-conq(p, q) 

if Small(p, q) then 

return G(p, q); 

else 

m ←Divide(p, q); [ p≤ m < q ] 

return Combine(Divide-conq(p, m), Divide-conq(m+1, q)); 

end 

Copyright @ gdeepak.com® 6 6/7/2012 8:58 PM 



Suitability of D&C 

Divide and conquer is not suitable where the solution of size n depends 
upon n sub-solutions, each of size (n-1). 

Overlapping Sub problems - Where sub problems have a dependency on 
each other and there is no easy way to merge those sub problems and 
merging will take significant time as solving the original problem. 
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Integer Multiplication 

• Given two n-digit 
integers a and b, 
compute a × b. 

• Brute force solution: 
O(n2) bit operations 
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Integer Multiplication 

Divide step: Split I and J into high-order and low-order bits 

 

 

Define I*J by multiplying the parts and adding:  

 

 

T(n) = 4T(n/2) + n, which implies T(n) is O(n2). 
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Improved Integer Multiplication 

 

 

 

 

 

 

T(n) = 3T(n/2) + n, which implies T(n) is O(nlog
2

3),  

by the Master Theorem. Thus, T(n) is O(n1.585). 
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Matrix Multiplication 
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•
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Strassen Multiplication 

C11 = a11b11 + a12b21  
C12 = a11b12 + a12b22  
C21 = a21b11 + a22b21  
C22 = a21b12 + a22b22 
2x2 matrix multiplication can be done in  8 multiplications 
T(n)= 8T(n/2) + n   = (2log

2
8 =23) 

Strassen showed that 2x2 matrix multiplication can be 
accomplished in  7 multiplication and 18 additions or 
subtractions 
T(n) = 7T(n/2) + n    = (2log

2
7 =22.807)  

Best Known is Coppersmith-Winoguard, 1987 O(n2.376) 
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Strassen Matrix Multiplication 

P1 = (A11+ A22)(B11+B22)  

P2 = (A21 + A22) * B11  

P3 = A11 * (B12 - B22)  

P4 = A22 * (B21 - B11) 

P5 = (A11 + A12) * B22 

P6 = (A21 - A11) * (B11 + B12) 

P7 = (A12 - A22) * (B21 + B22)  
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Strassen Multiplication 

C11 = P1 + P4 - P5 + P7 

C12 = P3 + P5  

C21 = P2 + P4  

C22 = P1 + P3 - P2 + P6 

C11 = P1 + P4 - P5 + P7 

=(A11+A22)(B11+B22)+A22*(B21-B11)-(A11+A12)*B22+(A12-A22)*(B21+B22) 

= A11 B11 + A11 B22 + A22 B11 + A22 B22 + A22 B21 – A22 B11 -A11 B22 -A12 B22 

+ A12 B21 + A12 B22 – A22 B21 – A22 B22 

= A11 B11 + A12 B21 

Copyright @ gdeepak.com® 14 6/7/2012 8:59 PM 



Deeper look 

 

 

 

 

 

 

 

C11= 
34 56
21 8

 X 
1 5
6 4

  + 
13 17
76 87

 X 
11 17
7 12
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34 56 13 17 1 5 8 9

21 8 76 87 6 4 3 2

98 11 15 72 11 17 18 19

88 91 37 39 7 12 15 13

X

A11 A12 



Matrix Multiplication 

If the matrices A, B are not of type 2n x 2n we fill the 
missing rows and columns with zeros. 
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Counting Inversions 

Many Important Applications like Page Ranking etc. 

Brute Force is O(n2) 

 

 

 

 

How to combine. Without any trick it will not give any better 
complexity. Five inversions in First half, 8 inversions in 2nd half 
and 9 inversions between two halves. 
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Divide and Conquer-How it will work 

Divide:  separate list into two pieces. O(1) 
Conquer: recursively count inversions in each half. 2T(n/2) 
Combine: count inversions where ai and aj are in different 
halves, and return sum of three quantities. 
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Beautiful Idea 

Combine:  Assume each half is sorted. Count inversions 
where ai and aj are in different halves. Merge two sorted 
halves into sorted whole.  
 
 
 
 
2 in the 2nd list comes before 6 elements of the first list so it 
has 6 inversions and so on. 
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Closest Pair Problem 

Given a set of n points in a plane where P(i)= (x(i),y(i)) 

Distance between two points is (𝑥𝑖 − 𝑥𝑗)2+(𝑦𝑖 − 𝑦𝑗)2 

Brute force algorithm will be O(n2) if we calculate 
distance between all the points and then find the 
closest pair. 
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Closest Pair technique 

Divide: draw vertical line L so that 
roughly ½(N) points on each side. 

Conquer: find closest pair in each 
side recursively. 

Combine: find closest pair with one 
point in each side. 

Return best of 3 solutions. 
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Closest Pair 

Find closest pair with one point in 
each side, assuming that distance 
<δ. 

Observation:  only need to 
consider points within δ of line L. 

Sort points in 2 δ -strip by their y 
coordinate. 

Only check distances of those 
within 11 positions in sorted list. 
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Closest Pair Problem 

Let Si be the point in the 2δ 
strip, with the it smallest y-
coordinate.  
If |i-j|≥ 12 then distance 
between Si and So is at least 
δ 

No two points lie in same 
1

2
δ 

by 
1

2
δ box. 

Two points at least two rows 
apart have distance ≥ 2(

1

2
δ) 
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Closest Pair algorithm 

Closest-Pair(p1, …, pn) { 
Compute separation line L such that half the points are on one side and 
half on the other side. 
δ1 = Closest-Pair(left half) 
δ2 = Closest-Pair(right half) 
δ  = min(δ1, δ2) 
Delete all points further than δ from separation line L 
Sort remaining points by y-coordinate. 
Scan points in y-order and compare distance between each point and 
next δ neighbours. If any of these distances is less than δ, update δ. 
return δ.  
} 
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T(n)  2T n /2   O(n log n)  T(n)    O(n log2 n)

6/7/2012 8:59 PM 



Further improvement 

Sort the set of points by y-coordinate before we start. 

Whenever we split a point set, we can run through list sorted by y-
coordinate and create a new list for each part, sorted by y-coordinates. 

Recurrence becomes T (n) = 2T (n/2) + n and T (1) = 1. 

Solution: T (n) = O(nlgn). 

Copyright @ gdeepak.com® 25 6/7/2012 8:59 PM 



Infinite Wall Problem 

You have an infinite wall on both sides where you are 
standing and it has a gate somewhere in one direction, 
you have to find out the gate, 

No design-Infinite time 

Incremental design- you go one step in one direction , 
come back go to other direction one step, come back 
and then go 2 steps in other direction. 
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Quadratic time solution 

1+2.1+1 

2+2.2+2 

3+2.3+3 

: 

:  

n-1+2.(n-1)+n-1 

n+2n 

4∑i+3n 

4n(n-1)/2+3n=2n2+n 
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Linear time solution 

You go 20 step in one direction, come back go 1 step in other then 
21direction in one way then come back and then up to 2k 

20+2.20+20 

21+2.21+21 

: 

2K-1+2.2K-1+2K-1 

3.2K 

 

4(2K-1+2K-2+……1)+ 3.2K 

4(2K-1)+ 3.2K = 7.2K  -4 = 7N-4 
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Questions, Comments and Suggestions 
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Question 1 

Divide step is the dominating operation and Combine step 
is the dominant operation respectively in following 

A) Merge Sort, Quick Sort 

B) Quick Sort, Merge Sort 

C) Bubble Sort, Counting Sort 

D) Radix Sort, Selection Sort 
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Question 2 

Why Selection Sort can’t be converted to Divide and 
Conquer Mechanism 
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Question 3 

What are the deciding factors in determining the 
termination of further divisions of the problem into sub 
problems. (Give two at least) 
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